Abstract-Interesting bifurcation phenomena are observed for the current feedback-controlled buck converter. We demonstrate that most of these bifurcations can be categorized as "border-collision bifurcations." A method of predicting the local bifurcation structure through the construction of a normal form is applied. This method applies to many power electronic circuits as well as other piecewise smooth systems.
I. INTRODUCTION
A NOMALOUS bifurcation phenomena have been observed recently for some power electronic circuits, both experimentally and numerically [1] - [6] , [16] , [18] , [19] . Bifurcation behaviors, other than the familiar period doubling bifurcation and the saddle-node bifurcation [ Fig. 1(a) ], are often seen in the bifurcation diagrams of power electronic circuits [e.g., Fig. 1(b) ]. The goal of this paper is to explain why such bifurcations occur.
The distinctive feature of all power electronic circuits working under closed loop control is that they have switches that are turned ON or OFF through state feedback. Two sets of differential equations are needed to describe the dynamics of such a power electronic circuit for the ON and OFF periods, respectively. Generally dynamical systems can be treated as maps by the method of surface of section. For power electronic circuits, we may sample the state variables in synchronism with the clock pulses to obtain a "stroboscopic" map in discrete time [17] . The behavior of the system depends on the mathematical properties of this map. In this paper, we consider the current feedback-controlled buck converter, as illustrated in Fig. 2 . As shown in Fig. 3 , the ON and OFF phases are determined by comparing the voltage with the externally generated reference triangular wave voltage . We show later that the corresponding map is piecewise smooth.
For a general piecewise smooth map imagine that there exists a curve in the state space which divides it into two regions (see form. We call such a curve a border. If the map is continuous across the border but its derivative is discontinuous, then the map is called piecewise smooth. Such maps are differentiable on each side of the border, and on the border the map has two sets of one-sided partial derivatives depending on whether the border is approached from within A or within B. The bifurcation phenomena of piecewise smooth systems have been studied in [7] - [10] . As a parameter of the system is varied through a critical value, an attracting periodic orbit may cross a border and become unstable. Often the attracting periodic orbit bifurcates to a new attractor, which can be periodic or chaotic. Such bifurcations are called border-collision bifurcations. Recently, a normal form theory for border-collision bifurcations of two-dimensional (2-D) piecewise smooth maps has been developed in [8] and in work (Yuan et al.) to be reported elsewhere. It says that, by a change of coordinates, any piecewise smooth map can be reduced to the normal form (1) in some small neighborhood of the border-crossing periodic point for for (1) 1057-7122/98$10.00 © 1998 IEEE As the parameter is varied, local bifurcations depend only on the values of and appearing in (1) . We show in this paper that many of the bifurcations of the buck converter are border-collision bifurcations. For each border-collision bifurcation of the buck converter map we reconstruct the corresponding normal form by calculating at the bifurcation the trace and the determinant of the border-crossing periodic orbit on each side of the border (see Section IV). We then plot the bifurcation diagrams for the reconstructed normal map and find that they agree with those obtained from the original buck converter map . This paper is organized as follows. In Section II, we describe the circuit under consideration, the current feedbackcontrolled buck converter. Since there is no closed form expression for the corresponding stroboscopic map it is determined numerically. We show that the resulting map is piecewise smooth with a well-defined borderline. In Section III, we discuss the bifurcation diagrams of the buck converter map . We show that the bifurcations are border-collision bifurcations. In Section IV, we discuss how to construct the normal form from a given piecewise smooth map. We show that the bifurcations of the buck map can be predicted from its normal forms. In Section V, we conclude that most of the bifurcations seen are border-collision bifurcations. As long as we know which periodic orbit collides with the border, and the trace and the determinant of the Jacobian of that periodic orbit before and after the collision, we can predict the accompanying bifurcation phenomena from the normal form. We believe that border collision bifurcations should be very common in a large variety of power electronic circuits.
II. THE BUCK CONVERTER
A buck converter is a power electronic circuit that converts a dc voltage to a lower dc voltage, as shown in Fig. 2. (Note: an output capacitor is usually present in practical circuits. Since the objective of this paper is to demonstrate the occurrence of border collision bifurcations, and it is easier to demonstrate it in two dimensions, we reduce the system to two dimensions by removing the output capacitor. When the capacitor is added, the system still remains piecewise smooth and exhibits border collisions-but at different parameter values.) There are two sets of differential equations corresponding to the ON point. . We note that if it could occur it would result in a discontinuity in the map .) Thus our considerations to follow are restricted to border-collision bifurcations accompanying orbits of the type shown in Fig is on the line . Thus a period-orbit that crosses the border has one of its points on . The converse is not true, however; that is, having one of its points on the line does not imply this period-orbit is on the border. For example, in Fig. 6 , only case (a) corresponds to a border collision. (Later in the normal form analysis, we will consider the th iterate of a border-crossing period-orbit, i.e., we will examine the fixed point of the map .) Clearly, the only discontinuity of the system comes from switching, and it is first order, meaning that the partial derivatives of and are discontinuous on the border. The map itself is smooth on each side of the border and varies continuously across the border. To see this, let us is decreased from 40 to 0. For each value, we choose the initial condition to be the last point on the trajectory at the previous parameter value and iterate the buck map 1000 times without plotting. We then plot the next 200 values of the voltage vertically. All parameters aside from are fixed; 10 k 220 392 s 20 1 20 nF, 11.6 mH, 1.04 V, and 3.8 V. These parameter values are within the domain of a working buck converter. Fig. 7(a) contains five border-collision bifurcations.
The first bifurcation seen in Fig. 7 occurs at 7.9 and is an ordinary period-doubling bifurcation of the type commonly seen in smooth maps (it is not a border-collision bifurcation). This is not so obvious from Fig. 7(b) in which the bifurcation does not seem to be smooth. However, we find that, upon magnification [as shown in the inset of Fig. 7(b) ], the bifurcation diagram displays the typical pitchfork structure of a period doubling bifurcation of a smooth map (e.g., Fig. 1(a)  at  3 ). Furthermore, calculation of the eigenvalues of the Jacobian matrix of evaluated at the period one orbit confirms the above observation. (I.e., appropriate to a perioddoubling bifurcation, one of the eigenvalues approaches 1 as approaches the bifurcation point 7.9 from below.) The five border collisions occur at approximately 8.41, 9.97, 15.45, 16.64, and 30.72, and we label them in Fig. 7 as (1)-(5), respectively. As previously discussed, a simple way to identify a border crossing period orbit is to check if it has one point on the line 3.8. For these five bordercollision bifurcations, the border crossing orbit has a period of 2, 4, 3, 6, and 4, respectively. The detailed structures of these five bifurcations are shown in Fig. 8 . The left sides are the bifurcation diagrams obtained from the circuit model, focusing on the small region around 3.8, and the right sides are the bifurcation diagrams obtained from the corresponding normal form. The waveform plots at each bifurcation point are shown in Fig. 9 .
1)
Border Collision (1): At 8.41, we have a transition from a period-2 attractor to a period-2 attractor. That is, a stable period-2 attractor crosses the border, and remains stable. From both the bifurcation diagram in Fig. 8(a) and (b) and the waveform plot in Fig. 9 we see that one point of the period-2 orbit is on the border. In this case the border crossing shows up as a discontinuous change of the slope in the versus bifurcation diagram [see Fig. 8(a) ]. Since in our normal form we will be examining border crossing of period-1 orbits, to compare with the normal form result, we consider the second iterate of the buck converter map. For the second iterate map the above period-2 manifests itself as two period-1 attractors and we examine the normal form of near the fixed point of . With this in mind, we refer to (1) as a "1 1" border collision.
2)
Piece Chaos Border Collision Bifurcation (2): Examining Fig. 7(b) , we observe that at 10.0 there appears to be a sudden change in which the period-2 attractor is replaced by a four-band chaotic attractor. In fact, the change is not really sudden, but only very rapid. The real situation is illustrated schematically in Fig. 11 , in which the size of the interval has been greatly exaggerated. What happens is that the period-2 orbit experiences an ordinary period doubling to a period-4 orbit at . (We have verified the period doubling at by numerically determining that one of the eigenvalues of the Jacobian matrix of the two times iterated map evaluated on an element of the period-2 orbit approaches 1 as approaches from below.) At the border-collision bifurcation of the period-4 orbit results in what appears in Fig. 7(b) to be four bands of chaos. [Note that a border-collision bifurcation does not occur at because it corresponds to the situation shown in Fig. 6(b) .] The orbit cyclically visits each of the four bands in turn. A blow up of one of the four bands [ Fig. 8(c) and (d) ] reveals, however, that it actually consists of four tiny subbands. To summarize, a slight change of in the vicinity of causes a rapid change from a period-2 orbit to chaos. The appearance of this in Fig. 7 is as a vertical displacement of the attracting orbit. We refer to this as an "almost vertical bifurcation" (although, as indicated in Fig. 11 , it is actually two bifurcations, one after the other in rapid succession). Considering the fourth iterate of the map, we refer to the bifurcation at as a "1 4 piece chaos " bifurcation (where the four bands referred to are the four tiny subbands).
3) Nothing 1 Border-Collision Bifurcation (3) At 15.45, we have a bifurcation from a chaotic attractor to a period-3 attractor [see Fig. 7(c) ]. Since there is a jump from the chaotic attractor to the period-3 attractor, we call it a "nothing 1" bifurcation (the 1 results by considering ). This bifurcation is hysteretic. That is, when we make the bifurcation diagram by slowly increasing (as opposed to decreasing which was the way we made Fig. 7) , then we are the bifurcation points of the period-doubling and the successive border-collision bifurcations, respectively. Vx appears to be a border point but is not.
observe that the large chaotic attractor persists somewhat past bifurcation point (3) and ends suddenly in a crisis bifurcation [13] at some point (3 ) . In the range between (3) and (3 ) both attractors coexist, and which one an orbit approaches depends on its initial condition. This phenomenon and the relation of the border-collision bifurcation to the crisis will be further discussed elsewhere. The period-3 attractor is created at the bifurcation point (3) by a saddle-node bifurcation, as shown in Fig. 10 . The period-3 saddle and the period-3 node are created on the border, which is different from ordinary saddle-node bifurcations of the type occurring in smooth systems. We see in Fig. 8 (e) and (f) that, as is decreased, the attracting period-3 orbit (the node) collides with the border at bifurcation point (3). To the left, there is no local attractor about the collision point to which points previously following the period-3 orbit might go. However, globally there is another large preexisting chaotic attractor and every initial point is attracted to it. Thus we have a discontinuous jump from period-3 to a wide-band chaotic attractor as decreases through bifurcation point (3).
4)
Piece Chaos Border-Collision Bifurcation (4): At 16.64, we have a bifurcation from a period-3 attractor to a chaotic attractor [see Fig. 7(c) ]. The period-3 attractor loses stability and experiences another almost vertical bifurcation (i.e., there is a period doubling to a period-6 attractor, and one of the resulting period-6 orbit points very soon after hits the border and becomes unstable as is slightly increased). Fig. 8(g ) and (h) reveals that each period-6 point bifurcates into a 1-piece chaos. We call it a "1 1-piece chaos" bifurcation.
5) Nothing Two-Piece Chaos Border-Collision Bifurcation (5):
At 30.72, we have a bifurcation from a chaotic attractor to another chaotic attractor. As for bifurcation (3), this bifurcation is also hysteretic and is associated with a crisis destroying the wide-band chaotic attractor at some point (5 ) slightly past (5) . From Figs. 7(d) and 8(i) and (j) we see that the attractor just to the right of bifurcation point (5) has four branches, each of which actually consist of two smaller chaotic bands [see Fig. 8(i) and (j)] .
Windows: Fig. 1(a) for the smooth map and Fig. 1(b) for our piecewise smooth buck map differ in that border collision bifurcations are present in Fig. 1(b) . They also, however, differ in another significant way. In particular, in the chaotic range of the parameter , the map exhibits a dense set of windows of periodicity, the widest of which is the period-3 window (in the region near 3.83). Each such window begins with a tangent bifurcation creating a stable periodic orbit. This situation is generally thought to be a common feature of smooth maps with chaotic attractors. In contrast, in the case of the piecewise smooth buck map, we numerically observe that the chaotic regions are apparently "solid" in that they are not permeated by a dense set of windows. We believe that this absence of windows may be a common feature in a wide class of piecewise smooth maps.
IV. APPLICATION OF THE NORMAL FORM THEORY
In the normal form theory, any 2-D piecewise smooth map can be reduced to the normal form (1) In addition, in all the cases above, and are less than 10 . The result that the determinant is small can be understood on the basis of an analytical estimate (6) where is the period of the border-crossing orbit (this result for is derived in the Appendix). For example, for the period-4 orbit shown in Fig. 11 , we have 2.0 10 . Thus it is a good approximation to set and to zero. In that case, the normal form (1) reduces to a one-dimensional map for for (7) We plot the corresponding bifurcation diagrams of the reconstructed normal form map (7) by varying and obtain the second column of Fig. 8 . We see the same bifurcation behavior as shown in the first column of Fig. 8 . This is consistent with our assertion that the local bifurcation structure of a 2-D piecewise smooth map depends only on the values of and of the corresponding border-crossing periodic orbit.
We have also found that, for the buck converter, the local bifurcation structure is independent of the parameter varied. That is, if we vary different parameters (e.g., etc.) through the same bifurcation point in the parameter space, we get qualitatively the same bifurcation structure in the neighborhood of the critical parameter value. We now explain why. Again let us assume that the buck map has a fixed point (as shown in Fig. 12 ) on the border at the bifurcation point. As one of the parameters is varied and approaches its critical value from both above and below, the fixed point orbit approaches from within both regions A and B. Although different paths may be taken in the process for different parameters varied, the limit (5) should be the same. Therefore we have the same normal form for different bifurcation parameters; as a consequence, we have the same bifurcation structure locally. Nusse and Yorke [10] studied the one-parameter family of skew tent maps defined in (7), where are constants and is the bifurcation parameter. Their result is the following. For many choices of and border-collision bifurcations occur at 0. The nature of these bifurcations depend only on . Let 2 be any positive integer. Then for 1 and 1, one may have a bordercollision bifurcation from a fixed point attractor to an attracting period-orbit, or a -piece chaotic attractor, or anpiece chaotic attractor, or a one-piece chaotic attractor as the parameter crosses zero. Fig. 13 gives a heuristic picture of the border-collision bifurcation of a skew tent map. The slopes on each side of the border correspond to and in the normal form. Assume . If 1, the map has a stable fixed point when 0. For 0, the eigenvalue of the fixed point changes to . If 1, then the fixed point is still stable; if 1, while the eigenvalue of the period-2 orbit 1, the fixed point is unstable but the period-2 orbit is stable, so we have a border-collision bifurcation from a fixed point attractor to an attracting period-2 orbit; further, if 1, the period-2 orbit is unstable, and depending on the values of and we may have a large variety of bordercollision bifurcations, as discussed in [10] . It is interesting to note that the "almost vertical bifurcation" previously discussed corresponds to the case where is close to one, as is the case for bifurcations (2) and (4) . To see this we note that for 0, in these cases, there is a stable fixed point for the map which from (7) is . Since is very large for bifurcations (2) and (4), we have 1, i.e., versus is almost vertical.
V. CONCLUSION
We have shown that many of the bifurcations of the buck converter studied here are border-collision bifurcations. The local bifurcation structure is independent of the parameter varied. We have also reconstructed the normal form from the eigenvalues of the border-crossing periodic orbits. We show that the bifurcations in the reconstructed maps agree with those in the original buck system. The circuits described and the bifurcation diagrams displayed in [1] - [6] , [11] , and [12] make it likely that border-collision bifurcations are occurring in their systems. We believe that the normal form theory will be useful for analyzing many power electronic circuits which are essentially piecewise smooth systems. where is the fraction of the time that the switch is ON. Equation (A1) allows us to estimate the relative sizes of the first and third terms in (3) . The ratio of the average of these terms is (A2) for our parameters. Thus the third term in (3) can be neglected. Regarding (2) and (3) as a flow in space, we can take the divergence of this flow to obtain (A3) which is a constant independent of time . From (A3) it follows that areas in space whose points are evolved using (2) and (3) contract exponentially with time as . For our parameters, 2.7 from which we obtain (6).
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